Abstract. We construct an infinite family of imaginary bicyclic biquadratic number fields k with the 2-ranks of their 2-class groups are ≥ 3, whose strongly ambiguous classes of k/Q(i) capitulate in the absolute genus field k ( * ) , which is strictly included in the relative genus field (k/Q(i)) * and we study the capitulation of the 2-ideal classes of k in its quadratic extensions included in k ( * ) .
Introduction.
Let k be an algebraic number field and let C k,2 denote its 2-class group, that is the 2-Sylow subgroup of the ideal class group, C k , of k. We denote by k ( * ) the absolute genus field of k. Suppose F is a finite extension of k, then we say that an ideal class of k capitulates in F if it is in the kernel of the homomorphism J F : C k −→ C F induced by extension of ideals from k to F. An important problem in Number Theory is to determine explicitly the kernel of J F , which is usually called the capitulation kernel. The classical Principal Ideal Theorem asserts that kerJ F is all C k if F is the Hilbert class field of k. If F is the relative genus field of a cyclic extension K/k, which we denote by (K/k) * and that is the maximal unramified extension of K which is obtained by composing K and an abelian extension over k, F. Terada states in [8] that all the ambiguous ideal classes of K/k capitulate in (K/k) * ; if F is the absolute genus field of an abelian extension K/Q, then H. Furuya confirms in [9] that every strongly ambiguous class, that is an ambiguous ideal class represented by an ambiguous ideal, of K/Q capitulate in F. In this paper we construct a family of number field k for which all the strongly ambiguous classes of k/Q(i) capitulate in k ( * ) (k/Q(i)) * and all classes that capitulate in an unramified quadratic extension K of k that is abelian over Q are strongly ambiguous classes of k/Q(i).
Let p 1 ≡ p 2 ≡ 1 (mod 4) be primes, k = Q( √ 2p 1 p 2 , i) and K be an unramified quadratic extension of k that is abelian over Q, let Am s (k/Q(i)) denote the group of the strongly ambiguous classes of k/Q(i). Our object is to determine the 2-classes of the field k which capitulate in the extension K involving the fundamental units of the three quadratic subfields of k, we prove that kerJ K ⊂ Am s (k/Q(i)) and we infer that Am s (k/Q(i)) ⊆ kerJ k ( * ) . As an application we will determine these 2-classes when C k,2 is of type (2, 2, 2) . This study is based on genus theory, class group theory and other theorems as the next result giving the number of classes which capitulate in a cyclic extension of prime degree: if K/k is a cyclic extension of prime degree, then the number of classes which capitulate in K/k is:
where E k and E K are the unit groups of k and K respectively and N is the norm of K/k. Let m be a square-free integer and K be a number field, during this paper, we adopt the following notations:
• p 1 ≡ p 2 ≡ 1 (mod 4) are primes.
• k: denotes the field Q( √ 2p 1 p 2 , √ −1).
• O K : the ring of integers of K.
• E K : the unit group of O K .
• W K : the group of roots of unity contained in K.
• F.S.U : the fundamental system of units.
• K + : the maximal real subfield of K, if it is a CM-field.
• Q K = [E K : W K E K + ] is Hasse's unit index, if K is a CM-field.
• q(K/Q) = [E K : s i E k i ] is the unit index of K, if K is multiquadratic, where k i are the quadratic subfields of K.
• K ( * ) : the absolute genus field of K.
• C K,2 : the 2-class group of K.
• i = √ −1.
• ε m : the fundamental unit of Q( √ m).
• N (a): denotes the absolute norm of a number a.
Our main theorem is.
Theorem. Let Am s (k/Q(i)) denote the group of the strongly ambiguous classes of k/Q(i). If K is an unramified quadratic extension of k that is abelian over Q,
then
(1) kerJ K ⊂ Am s (k/Q(i)).
(2) Am s (k/Q(i)) ⊆ kerJ k ( * ) .
The proof of this theorem is based on several results of units, the class-group of k and its subgroup of the strongly ambiguous classes.
F.S.U OF SOME CM-FIELDS
Let us first collect some results that will be useful in what follows. Let m and n be two positive square-free integers, such that (m, n) = 1; let ε 1 (resp. ε 2 , ε 3 ) denote the fundamental unit of Q( √ m) (resp. Q( √ n), Q( √ mn)).
Put B = {ε 1 , ε 2 , ε 3 , ε 1 ε 2 , ε 1 ε 3 , ε 2 ε 3 , ε 1 ε 2 ε 3 } and B ′ = B ∪ { √ µ/µ ∈ B and √ µ ∈ K 0 }, then a F.S.U of K 0 is a system consisting of three elements chosen from B ′ (see [11] for details).
To determine a F.S.U of K, we will use the following result [1, p.18 ] that the first author deduced from a theorem of Hasse [10, §21, Satz 15 ]. Lemma 1. Let n ≥ 2 be an integer and ξ n a 2 n -th primitive root of unity, then
Let n 0 be the greatest integer such that ξ n 0 is contained in
Then a F.S.U of K is one of the following systems:
Lemma 2. If ε 1 , ε 2 and ε 3 have negative norms, then
Proof. See Propositions 15, 16 of [4] .
Lemma 3 ([2], Lemma 7)
. Let p be an odd prime and ε 2p = x + y √ 2p. If N (ε) = 1, then x ± 1 is a square in N and 2ε is a square in Q( √ 2p). 
then Q k = 1 if one of the following conditions holds:
(ii) There exists an integer
The purpose of this sub-paragraph is to establish the following theorem. Theorem 1. Keep the notations previously mentioned, then
(ii) Else {ε 1 , ε 2 , ε 3 } is a F.S.U of K + and that of K is
Proof. See Propositions 1, 2, 3 and 4 below.
Remark 1. Our results in this theorem about unit index of K are similar to those in Theorem 1 (p. 347) of [12] .
Proof. (i) If ε 1 ε 2 ε 3 is a square in K + , then Lemma 2 (1) yields the result.
(ii) Assume that ε 1 ε 2 ε 3 is not a square in K + , then from Lemma 2 (2) {ε 1 , ε 2 , ε 3 } is a F.S.U of K + . It remains to determine the F.S.U of K.
(the complex conjugate). Let 
we conclude that
, where a, b are integers, then
Proceeding as previously we get the same results.
(c) Let ε 2 = α + β √ 2p 2 , where α, β are integers, we also find that:
(d) Applying the same argument to ε 3 , then we get
By multiplying the results of equalities (2), (3) and (4), we get
Finally, note that √ ε 1 ε 2 ε 3 and √ 2ε 1 ε 2 ε 3 are not both in K + , since
rest is a simple deduction from Lemma 2(2).
Proof. As N (ε 2 ) = 1, then, from Lemma 3, a ± 1 is a square in N and 2ε 2 is a square in Q( √ 2p 2 ) (ε 2 = a + b √ 2p 2 ). Note that ε 2 is not a square in K + , else we get √ 2 ∈ K + , which is false.
Since N (ε 1 ) = N (ε 3 ) = −1, then ε 1 , ε 3 are not squares in K + ; similarly ε 1 ε 2 , ε 1 ε 3 , ε 2 ε 3 and ε 1 ε 2 ε 3 are not squares in K + , else we will find that i ∈ K + , which is absurd. Therefore {ε 1 , ε 2 , ε 3 } is the F.S.U of K + and as 2ε 2 is a square in
Proof. Since N (ε 1 ) = N (ε 2 ) = −1 and N (ε 3 ) = 1, then only ε 3 can be a square
and since 2p 1 p 2 ≡ 2 (mod 4), thus 2 ∤ x, 2 | y and (x + 1, x − 1) = 2, hence with A = (x ± 1)/2, B = (x ∓ 1)/2 and y = 2z we get
without loss of generality we may assume 2 | A. Thus according to Lemma 4 and to the decomposition uniqueness in Z, we get three possibilities:
, hence
As a result if 2p
Proof. Since N (ε 2 ) = 1, then, from Lemma 3, 2ε 2 is a square in k 2 ; hence ε 2 is not a square in K + .
Proceeding as in Proposition 3 we get three cases.
It should be noted that, by Lemma 1, we can take as a F.S.U of K one of the following systems
The rest is as the case (a).
F.S.U OF THE FIELD
this subsection is to state the following theorem, but first let us show the lemma.
Proof. As p 1 p 2 ≡ 1 (mod 4), then, from Lemma 6, the unit index of Q(
is equal to 1; since N (ε 2 ) = 1, so assertion 3.(1).
(ii) on p.19 of [1] , yields that a ± 1 is not a square in N.
Theorem 2. Keep notations mentioned above, Then Q K = 1 and
Proof. See Propositions 5, 6, 7 and 8 below.
Remark 2. The unit index of K is always equal to 1, which is compatible with theorem 2 of [12] .
Proof. Since ε 1 , ε 3 have negative norms, then they are not squares in K + , similarly ε 1 ε 2 , ε 1 ε 3 , ε 2 ε 3 and ε 1 ε 2 ε 3 are not squares in K + , else by taking a suitable norm we get i ∈ K + , which is false. Furthermore (2 + √ 2)ε i 1 ε j 2 ε k 3 cannot be a square in K + , for all i, j and k of I, as otherwise with some α ∈ K + we would have
which is absurd.
Proceeding as in Proposition 3 and taking into account Lemma 4, we get the following cases.
so a ∓ 1 is a square in N, which contradicts Lemma 7.
(
(iii) If 2p 1 (a ± 1) is a square in N, then the same argument shows
Therefore we deduce that {ε 1 , ε 2 , ε 3 } is a F.S.U of K + and from Lemma 1, K has the same F.S.U .
(ii) Else {ε 1 , ε 2 , ε 3 } is a F.S.U of K + 3 and K 3 .
Proof. We proceed as in Proposition 5 to prove that (2+
is not a square in K + , for all i, j and k of I, and we apply Lemmas 2, 1 and Remark 3 bellow.
Remark 3. We proceed as in the proof of Proposition 1 to prove the following:
where
. Note at the end that:
So by multiplying results of equalities (5), (6) and (7) we get
where α, β, γ and δ are in Q.
(ii) Else {ε 1 , ε 2 , ε 3 } is a F.S.U of K + and K.
Proof. As the norms of ε 1 , ε 2 are negative, then proceeding as in Proposition 5,
we prove that only ε 3 can be a square in K + .
(i) According to Lemma 5, 2ε 3 is a square in Q( √ 2p 1 p 2 ), and since √ 2 ∈ K + , so √ ε 3 ∈ K + , which yields that {ε 1 , ε 2 , √ ε 3 } is a F.S.U of K and, by Lemma 1, is also a F.S.U of K + .
(ii) ε 3 is not a square in K + , then {ε 1 , ε 2 , ε 3 } is a F.S.U of K, K + (Lemma 1).
(ii) Else {ε 1 , ε 2 , √ ε 2 ε 3 } is a F.S.U of K + and K.
Proof. Since N (ε 1
As N (ε 2 ) = 1, then from Lemma 7, there exist y 1 , y 2 in Z such that:
The equality N (ε 3
From equalities (8) and (9) we deduce that if x±1 is a square in N, then
Hence the results.
Some results
In what remains of this paper, we adopt the following notations. Let p 1 = e 2 + 4f 2 = π 1 π 2 , p 2 = g 2 + 4h 2 = π 3 π 4 , π 1 = e + 2if , π 2 = e − 2if , π 3 = g + 2ih, π 4 = g − 2ih. Let H j be the prime ideal of k above π j , hence H 2 j = (π j ), for all j ∈ {1, 2, 3, 4}. As 2 is totally ramified in k, let H 0 be the prime ideal of k above 1 + i, so H 2 0 = (1 + i)
(ii) Else H is not principal in k.
Proof. See Proposition 1 of [6]
Proposition 10. Let d be a composite integer, even, square-free and product at least of three primes. Let k = Q( √ d, i), p an odd prime and H an ideal of k such
or p(x ± 1) is a square in N.
Proof. See Proposition 2 of [6] We finish this paragraph by the following two Lemmas.
and y 2 in Z[i] such that √ ε d takes one of following forms:
, so Proof. It is easy to see that for all j ∈ {1, 2, 3, 4}, π j is ramified in k/Q(i), thus
On the other hand, 2 is totally ramified in k and H 2 0 = (1 + i). Hence for all j ∈ {0, 1, 2, 3, 4}, Proposition 9, states that H j is not principal in k, since
The ideal H 0 H 1 H 3 is principal in k, if and only if there exists a unit ε ∈ k such
where α ∈ k. As N (ε d ) = −1, so, by Lemma 5, Q k = 1; hence ε is either real or purely imaginary.
Put α = α 1 +iα 2 , with α 1 , α 2 ∈ Q( √ 2p 1 p 2 ), and suppose ε is real (same proof if it is purely imaginary), since π 1 π 3 = (e + 2if )(g + 2ih) = (eg − 4f h) + 2i(eh + gf ), then the equation (10) is equivalent to
so we get
the discriminant of this equation is ∆ ′ = 4ε 2 d, which implies that
On the other hand,
√ ε d takes the value (1) of Lemma 8, we get
and
and it is easy to see that 
The strongly ambiguous classes of k/Q(i)
Let F = Q(i) and Galois(k/F ) = σ . We denote by Am(k/F ) the group of the ambiguous classes of k/F , that are classes of k fixed under σ, we denote also by Am s (k/F ) the subgroup of Am(k/F ) generated by the strongly ambiguous classes, which are classes of k containing at least one ideal invariant under σ. The genus number, [(k/F ) * : k], is given by the ambiguous class number formula (see [7] ):
where h(F ) is the class number of F , t is the number of finite and infinite primes of F ramified in k/F . Moreover as the class number of F is equal to 1, so it is well known that
where r = rankC k,2 . The relation between |Am(k/F )| and |Am s (k/F )| is given by the formula:
Since H 2 0 = (1+i) and for all j ∈ {1, 2, 3, 4}, H 2 j = (π j ), so for all j ∈ {0, 1, 2, 3, 4}, [H j ] is a strongly ambiguous class of k/F i.e. [H j ] ∈ Am s (k/F ). where 
, then Proposition 9 yields that
On the other hand, since Q k = 1, then by Lemma 5 we get E k = i, ε 3 , so
(a) Suppose p 1 ≡ p 2 ≡ 1 (mod 8), so r = rankC k,2 = 4 and it is well known
therefore formula (13) yields that |Am s (k/F )| = 8, this states that (ii) If N (ε 3 ) = 1 and x ± 1 is not a square in N, then from Lemma 4 we get p 1 (x ± 1) and 2p 2 (x ∓ 1) or p 2 (x ± 1) and 2p 1 (x ∓ 1) are squares in N, hence Since
Proceeding as above we prove that |Am s (k/F )| = 8, which yields that
(3) Since Q k = 2, then, from Lemma 5, E k = i, √ iε 3 , N (ε 3 ) = 1 and x ± 1 is a square in N; so, as (H 1 H 2 ) 2 = (p 1 ) and (H 3 H 4 ) 2 = (p 2 ), Proposition 10 yields
; therefore Proposition 9 allowed us to state that
As above we prove that |Am(k/F )| = 2 4 and
Proof of the Main Theorem
We know that k = Q( √ 2p 1 p 2 , i) and its genus field is
and there are three unramified quadratic extensions of k abelian over Q which are
we denote by J K i the homomorphism from C k to C K i that maps to the class of an ideal I of k the class of the ideal generated by I in K i . We keep the notations defined in the beginning of the preceding section. To prove the Main Theorem, we must study the capitulation problem of the 2-classes of k in each K i and in k ( * ) .
Capitulation in
(2) Else |kerJ
Proof. From Proposition 4,
, and the relation (1) implies that |kerJ
Corollary 1. We keep the assumptions of the preceding theorem.
(1) If x ± 1 is a square in N, then kerJ
Proposition 9 implies that H 1 , H 2 are not principal in k.
Let us prove that H 1 , H 2 capitulate in K 1 . According to the equalities (2),
we get
which implies the result.
(1) If x ± 1 is a square in N, then p 1 (x ± 1) and 2p 1 (x ± 1) are not squares in N; moreover as (p 1 ) = (H 1 H 2 ) 2 , then Proposition 10 yields that H 1 H 2 is not principal in k, so H 1 and H 2 lie in different classes. Thus kerJ
which is a subgroup of Am s (k/Q(i)).
(2) If x ± 1 is not a square in N, then H 1 H 2 is principal in k, so H 1 , H 2 lie in the same class; thus kerJ
Numerical Examples 1. (1) x ± 1 is a square in N.
The first table gives integers d for which x± 1 is a square in N, when the second shows that for these integers H 1 H 2 is not principal in k and H 1 , H 2 capitulate in In this table we give integers d for which x + 1 and x − 1 are not squares in N, we note that H 1 H 2 is principal in k and H 1 capitulates in 
(ii) Else |kerJ
Proof.
(1) From Propositions 1 and 2, N 1 (E K 1 ) = −1, ε 3 or −1, iε 3 or i, ε 2 3 ; on the other hand, Lemma 5 yields that
(2) From Proposition 3, we get:
(ii) Else kerJ 
, so proceeding as in Proposition 11, we get
On the other hand, as N (ε 2 ) = −1, so the equalities (3) yields that (
(i) If x ± 1 is a square in N, then Propositions 9 and 10 state that H 1 , H 2 and
(ii) If x ± 1 is not a square in N, then H 1 , H 2 lie in the same class; so kerJ
, and by Proposition 11 (1) .
(ii), we get kerJ (i) x ± 1 is a square in N.
The first table gives integers d for which x ± 1 is a square in N and H 1 H 2 is not principal in k, when the second shows that for these integers H 1 , H 2 and 5.2. Capitulation in K 2 . As p 1 , p 2 play symmetric roles, then putting ε 1 (resp ε 2 , ε 3 ) the fundamental unit of Q(
) and proceeding as above, we get the following results. Put
Corollary 3. We keep the assumptions of the Theorem 5, then
(ii) Else |kerJ K 2 | = 4. 
Proof. If ε 3 = x + y √ 2p 1 p 2 , then from Proposition 7 we get:
• If x ± 1 is not a square in N, then
Corollary 6. Keep the assumptions of Theorem 8, then
Proof. We have proved that H 0 capitulates in K 3 . 
)} are equal to −1 (see [5] [6] ). 
